In recent numerical experiments on series arrays of overdamped Josephson junctions, Nichols and Wiesenfeld [Phys. Rev. A 45, 8430 (1992)] discovered that the periodic states known as splay states are neutrally stable in all but four directions in phase space. We present a theory that accounts for this enormous degree of neutral stability. The theory also predicts the four non-neutral Floquet multipliers to within 0.1% of their numerically computed values. The analytical approach used here may be applicable to other globally coupled systems of oscillators, such as rnultimode lasers, electronic oscillator circuits, and solid-state laser arrays.
.
The problem considered here is part of a larger effort to apply dynamical systems theory to the analysis of Josephson arrays [1 -10] . Following previous authors, we restrict attention to the most symmetric possible case: a series array of identical junctions in which each junction is coupled equally to all the others. At first this "global coupling" may seem artificial, but it actually follows quite naturally from Kirchhoff's laws. In fact, global coupling also arises in several other physical systems, including multimode lasers with an intr acavity crystal [11 -13] , electronic oscillator circuits [14] , and laser arrays [15] . Each of these systems may be regarded as a population of coupled nonlinear oscillators. Such systems can exhibit a variety of collective modes, the simplest of which is the coherent mode where all the oscillations are in phase.
Early studies [2, 3] focused on the stability of this mode because of its importance for technological applications [16] .
More recently, attention has turned to a different kind of periodic state, variously known as the antiphase state [2] , rotating wave [14] , ponies on a merry-go-round [8, 9] , or splay state [5] . The [12] and in an electronic oscillator circuit [14] . Their existence for all N has been proven rigorously for two particular Josephson arrays [9] , and in a model system of symmetrically coupled phase oscillators [17] . [20] lie on the unit circle. Tsang et al. [5] originally guessed that this highly 220 nongeneric property might be related to the system's time-reversal symmetry, but then Tsang and Schwartz [7] gave an example of a nonreversible Josephson array which nonetheless had neutrally stable splay states. The neutral stability was not quite as severe as in the reversible case, but was still peculiarly large: Tsang and Schwartz [7] reported that all but four of the Floquet multipliers equal +1 "up to single precision machine accuracy. "
Now Nichols and Wiesenfeld [1] have extended this result to a much broader class of arrays. In particular, for arrays of overdamped junctions with various RLC loads, they once again find that all but four of the Floquet rnultipliers equal +1. They also report careful numerical estimates of the four non-neutral Floquet multipliers.
In this paper we present a theory that explains the origin of the neutral stability. The culprit turns out to be the pure sinusoidal form of the Josephson current relation [21] . The (2) where the overdot denotes differentiation with respect to dimensionless time.
We want to study the dynamical system (l), (2) (1) . Let p(P, t) denote the density of oscillators at phase P at time t. Then we can replace the average in (2) by an integral:
Hence (2) becomes
The density p(P, t) evolves according to the continuity Lq+(R +1)q+C 'q = -g f a (7) where f is defined by f = f po(P)e "' (()sin(((dP .
Our f is a special case of that defined in Golomb et al.
[23], Eq. (B7); here g (P) =sing in their notation.
Next we rewrite (6) . We make the following observations about (9).
(i) Equation (9a) shows that the evolution of the higher harmonics a", )n) ) 1, is independent of the rest of the system. Strogatz and Mirollo [22] and Golomb et al.
[23] found a similar decoupling of higher harmonics for two other systems of oscillators. In each case, the decoupling stems from the pure sinusoidal form of the nonlinearity in the original system. Here, the identity b": -0 for all~n Wl can ultimately be traced back to the sing terms in Eqs. (3), (4) .
(ii) Equation (9b) To find the eigenvalues and eigenvectors of (9), we seek solutions of the form a"(t)=a"(0)e ', q(t)=q(0)e '. 
B. Eigenvalues
Now we study the eigenvalues of (7),(8). The problem is analytically tractable, because of the identity b"=0, for all~n~A 1, as observed by Golomb et al. [23] . Thus Eqs. (7) LA, +(R +1)A, +(C '+Lcm )A, +(Ibcv+Rco )A, +co C '=0. (13) Fquation (13) (14) holds.
To clarify the implications of (14) , consider the graphical analysis shown in Fig. 2 [1] . The enormous degree of neutral stability is due to the decoupling of the higher harmonics in Eq. (9) ; that decoupling is itself a manifestation of the pure sinusoidal form of the Josephson current relation. Our theory also gives accurate predictions of the nontrivial Floquet multipliers, and explains why there are precisely four of them.
Related phenomena, including extensive neutral stability, have been seen previously in studies of various model systems with permutation symmetry and sinusoidal nonlinearities [22 -24] . In particular, Golomb et al. [23] showed numerically that the neutral stability could be eliminated by including higher harmonics in the nonlinearities.
On the other hand, there must be more to this story- The analysis of arrays with P )0 is going to require additional methods. The state of a junction is now given by two numbers, a phase P and an angular velocity / =co. In the infinite-N limit, the appropriate density is p(P, co, t), which represents a density on a cylinder. In the stationary state, all the junctions execute identical limit-cycle oscillations on this cylinder, and are uniformly staggered in time around the limit cycle. Hence p(P, ni, t) collapses to a singular density supported on this limit cycle. The linearized system is therefore more subtle to analyze, and involves "generalized functions. " Another difficulty is that the basic limit cycle cannot be written down explicitly. Work on this case is in progress.
There are also several unanswered questions about the analytical approach introduced in this paper. The underlying philosophy is that it is always easier to find fixed points and their eigenvalues than it is to find periodic orbits and their Floquet exponents. For the Josephson array studied here, the Floquet exponents of a finite-X system turned out to be closely approximated by the eigenvalues of an infinite-X system. Because of this relationship, we were in the unusual position of being able to ob- 
